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Technical Comments.
Comment on " Singularity-Free

Extraction of a Quaternion from
a Direction-Cosine Matrix"

Richard A. Spurrier*
Honey well Avionics Division, St. Petersburg, Fla.

KLUMPP1 describes a direction-cosine matrix to
quaternion conversion algorithm which, although valid

for all rotations, is unnecessarily sensitive to numerical im-
precision. This imprecision can come from the algorithm
which produces the direction-cosines or simply from the
limited length of the registers that realize the direction-
cosines. The sensitivity can be seen by noting that the
magnitudes of the quaternion components are computed from
the diagonal elements of the direction-cosine matrix. For a
rotation of an angle </> about the first axis, the diagonal
elements are, in order, 1, cos<£, cos<£. For small <j> the off-
diagonal elements, sin$ and -sin<£, are more suitable
numerically for determining <f>.

In general, since the magnitudes of the quaternion com-
ponents are computed as square-roots, the squares of the
components are most closely related to the direction-cosine
matrix elements. The sensitivity of the magnitude 6 of a
rotation caused by an error in the square of a quaternion
component q{, to the error, can be expressed

dd
(1)

Thus precision is reduced whenever any quaternion com-
ponent is small. This occurs for small rotations, for rotations
about an axis nearly perpendicular to a reference axis, and for
rotations of nearly 180 deg about any axis. Floating-point
arithmetic is of little benefit because the expression for the
square of each quaternion component contains a large
constant term which limits the scaling reduction.

The following algorithm retains precision for all rotations
by computing only the component of largest magnitude as a
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square-root and by using only this component as a divisor in
computing the other components. Since there is always at
least one component of magnitude greater than or equal to l/2,
numerical imprecision will have a limited effect on precision
and will not cause a negative square-root argument or division
by zero. The expressions follow immediately from the ex-
pression for a direction-cosine matrix in terms of quaternion
components (given in Klumpp1). Klumpp's notation is
followed but, in some cases, the (equivalent) negative
quaternion is computed.

Choose the largest (algebraically) of tr(M), Mu ( /= 1-3).
If tr(M) is largest, compute the quaternion using the
following expressions:

qi=(MkJ-MM)/4q0 (1 = 1-3)

(2)

(3)

where j and k are'chosen so that /, j, A: is a cyclic permutation
of 1, 2, 3. If tr(M) is not largest, use the following ex-
pressions:

qi=(Ml>i+Mu)/4ql d=j,k)

(4)

(5)

(6)

where /, y, k is the cyclic permutation of 1, 2, 3 such that Mu
is the largest above.

The precision of this algorithm was verified with a Fortran
program. Quaternions were converted to direction-cosine
matrices and then converted back using both algorithms.
Precision, with respect to the magnitude of the error, was
reduced with Klumpp's algorithm whenever any quaternion
component was small, while full precision was always
retained with the above algorithm. Precision, with respect to
the direction of the rotation (of interest when computing the
eigenvector of the direction-cosine matrix), was reduced with
Klumpp's algorithm whenever a quaternion vector com-
ponent was small, while full precision was retained with the
above algorithm even (because of the floating point arith-
metric) for small rotations.
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